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3.1 The Determinant of a Matrix

= the determinant of a 2 x 2 matrix;

A_{:all a12:|
dy Ay

Z>d€t(A) = |A| = ajd,, — 4,4,
= Note:
d; - d; 4ap
d,, a,, d, ay

Elementary Linear Algebra: Section 3.1, p.110
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= EX. 1: (The determinant of a matrix of order 2)

: _2| =2(2)-1(-3) =4+3 =7
2 =2(2)-4

., a4 a
0 2 o

, o =0®-2()=0-3=-3

« Note: The determinant of a matrix can be positive, zero, or negative.

Elementary Linear Algebra: Section 3.1, p.110 4/76



« Minor of the entry a;:

The determinant of the matrix determined by deleting the ith row
and jth column of A

djy A, al( j-1) al( j+1) AR A,
M Ai_1)1 Ay Bgpg o g
ij —
a(i+1)1 A a(i+1)( j-1) a(i+1)( TR a(i+1)n
Ay o an(j—l) an( j+1) WA Ann

= Cofactor of a;:
Cij = (_]-)HJ Mij

Elementary Linear Algebra: Section 3.1, p.111 5/76



o B

a'll a12 a'13

A= dyy 8, Ay

_a31 a32 a33_
a12 a'13 all a13
Ty M 21 — M 99 oo
dsy A3 dy Ag

o C21 - (_1)2+1 M 91 —M 21 sz = (_1)2+2 M AT M 22

Elementary Linear Algebra: Section 3.1, p.111 6/76



= Notes: Sign pattern for cofactors

AR R
Vo e
VA SR
St + - 4+ — Ay
;t; e _. SN s _
3 x 3 matrix 4 x 4 matrix N x N matrix
= Notes:

Odd positions (where i+] Is odd) have negative signs, and
even positions (where i+j Is even) have positive signs.

Elementary Linear Algebra: Section 3.1, p.111 7/76



« Ex 2: Find all the minors and cofactors of A.

a2 1
Aatg ol d
4 0 1
Sol: (1) All the minors of A.
-1 2 3 7 3 -
= I\/|11: :_1’ M12: :_51 M13: =4
1 4 1 4 0

| 0 0 7
- -2 M | M @ |3

21 O 1 22 4 23 A1
2 1 0 1 0 7

31 :5’ M32: :_3’ M33:| J'IZ_G
-1 3 2 3 =

Elementary Linear Algebra: Section 3.1, p.111 8/76



Sol: (2) All the cofactors of A.

Cij = (_1)I+J M i

-1 2 3 2 o~

=C, =+ =1 12:—| |:5, C,=+ J1:4
4 0
0 1 0 2

C :—2 :—2, C22:+ __4, T :8
. 0 4 1 4 1
2l 0 1 0 2

C31:-|— =9, e :3, C33:—|— :—6
sk S0 2 3 —

Elementary Linear Algebra: Section 3.1, p.111 9/76



= Thm 3.1: (Expansion by cofactors)
Let A is a square matrix of order n.

Then the determinant of A Is given by

(@) det(A)=|Al= ZaIJ i =a,Cy+a,C,+--+8,C,

In —1In

(Cofactor expansion along the i-throw, 1=1, 2,...,n )
or

(b) det(A) = Al= Za,J i=a,C; +8,C,; +::+a,C,

(Cofactor expansion along the j-throw, j=1,2,...,n)

Elementary Linear Algebra: Section 3.1, p.113 10/76



« EX: The determinant of a matrix of order 3

d; &, Qg
A= dyy Ay Ay
| Ay Ay  Agg

= det(A) =a,,Cy; +2,,Cy, +3,,C;
=8,,C, +8,C,, +8,C,,
=a5,Cy +85,C;, +85,C4
=a,,Cy +a,C, +85Cy
=a,,C;, +8,C,, +a5,C;,
= 8,05 +8,C,; +85C;,

Elementary Linear Algebra: Section 3.1, Addition 11/76



« EX 3: The determinant of a matrix of order 3

0 2 1} ¢, =-1C,=5 C, =4
A: 3 _1 2 C21:_2’C22:_4’ C23:8
4 O 1 C.=5 C.=3 C_=-6

Sol:
—=det(A)=a C +a C _+a.C_=(0)(-1)+(2)(5)+(1)(4) =14

11~ 11 12 12 13 13

—a C +aC_ +a.C. =(3)(=2)+(=1)(-4)+(2)8) =14

21 21 22 22 23 23

—a C.+aC._+aC_=(45)+(0)3)+1)(-6)=14

31 31 32 32 33 33

0L a0 a0 Mo 1

11 11 2 31~ 31

—aC_+aC._+aC.=(2(5)+(-1)(-4)+(0)3) =14

12 " 12 22 22 32 32

a0 aC arC O 0 e 14

13 13 23 ~ 23 33 ~ 33

Elementary Linear Algebra: Section 3.1, p.112 12/76



= EX 5. (The determinant of a matrix of order 3)

g 2 1
A=13 -1 2 = det(A) =7
_4 —4 1_
Sol:
ol S8 2
Cu=(D" | |57 Cp=(D"% 1=(-1)(-5)=5
e ol
Cis= (_1)1 3 4 _4| =—8

— det(A) =a,,C;; +a,,C), +a,,Cy;
= (0)(7) + (2)(5) + V(-8)
=7

Elementary Linear Algebra: Section 3.1, p.114 13/76



= Notes:

The row (or column) containing the most zeros is the best choice
for expansion by cofactors .

« EX 4. (The determinant of a matrix of order 4)

Elementary Linear Algebra: Section 3.1, p.113

1
1
0
3

-~

O O O Ww

= det(A) =7
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Sol:

det(A) = (3)(C,3) +(0)(Cy3) +(0)(C;3) +(0)(Cy)
=3Cy;

-3 "0 2 3

] 2 3 12+3
5

) e
4o 3
_ 30+ (2)0)(~4)+ B)(-1)(=7)]
=(3)(13)

=39

=3 (0)(-1)™

il
3 4

Elementary Linear Algebra: Section 3.1, p.113 15/76



= The determinant of a matrix of order 3:
Subtract these three products.

dilr di2 aAis

A—1an a2 an
A3l d4d32 Aass

Add these three products.

— det( A) :| A |: a11a22 a33 + a12 a23a31 T a13""21"’132 W a31a22a13
o a323-23 all W a33"51213'12

Elementary Linear Algebra: Section 3.1, p.114 16/76



s EX O

'—4 0 6

A=|3 -1
| Ve A 4
0 16 12

— det(A) =| Al=0+16-12—(-4)-0—6=2

Elementary Linear Algebra: Section 3.1, p.114 17/76



= Upper triangular matrix:

All the entries below the main diagonal are zeros.

= Lower triangular matrix:

All the entries above the main diagonal are zeros.

- Diagonal matrix:

All the entries above and below the main diagonal are zeros.

« Note:
A matrix that is both upper and lower triangular is called diagonal.

Elementary Linear Algebra: Section 3.1, p.115 18/76



Ay &y, g a, 0 O
0 dy, Ay, d,; ay, 0
A Agz dy; 83, dg |

upper triangular lower triangular

Elementary Linear Algebra: Section 3.1, p.115

a, 0 O
0 a,, O
0 a,

diagonal

19/76



= Thm 3.2: (Determinant of a Triangular Matrix)

If A Is an n x n triangular matrix (upper triangular,
lower triangular, or diagonal), then its determinant is the
product of the entries on the main diagonal. That is

det(A) =| Al=a,,8,85 -2

nn

Elementary Linear Algebra: Section 3.1, p.115 20/76



« EX 6: FInd the determinants of the following triangular matrices.

- _ 1 0808 0
. 8 300 0
(a)A:4_200(b)B:00200
- 000 4 0
- 0000 2
Sol: ~ -
(@) |Al=(2)(2)(1)(3)=-12 ZET > B {E G
wh H A (@) /)
m R A AP YRS %.E: ; E%E %}8%
(b) [B| = (-1)(3)(2)(4)(-2) = 48 b=l

Elementary Linear Algebra: Section 3.1, p.115 21/76



Key Learning in Section 3.1

Find the determinant of a 2 x 2 matrix.
Find the minors and cofactors of a matrix.
Use expansion by cofactors to find the determinant of a matrix.

Find the determinant of a triangular matrix.

22/76



Keywords in Section 3.1

= determinant ; {7 71| ;¢

= Minor : & {7 7| 3\

» cofactor : 48 ]+

= expansion by cofactors : & F] = & &
= upper triangular matrix: + = & s
= lower triangular matrix: = = & 5L
= diagonal matrix: ¥t & s

23/76



3.2 Evaluation of a determinant using elementary operations

= Thm 3.3: (Elementary row operations and determinants)

Let A and B be square matrices.

(@) B=r(A) = det(B)=-det(A) (ie.|r,(A)|=-A)
(b) B=r"“(A) = det(B)=kdet(A) (i.e.‘n(k)(A)‘zk\A‘)

() B=rM(A) = det(B)=det(A) (ie. |iO(A) =|A)

Elementary Linear Algebra: Section 3.2, p.119 24/76



» EX:

o e
A=|0 1 4| det(A)=-2

.

181 01 .
A-lD 1 41 A1 7 3 Al 9 3 7

12 1 17 1 1 0 1

A=r@(A) = det(A) = det(r® (A)) = 4det(A) = (4)(—2) = -8
A Ll i) g (A A L)
As=r$P(A) = det(As) = det(r$? (A)) = det(A) = -2

Elementary Linear Algebra: Section 3.2, Addition 25/76



= Notes:
det(r; (A)) =—det(A) = det(A)=—det(r;(A))

det(r'(A)) =kdet(A) = det(A) = %det(ri(k) (A))

det(r,’(A)) =det(A) = det(A) =det(r; (A))

Elementary Linear Algebra: Section 3.2, Addition 26/76



Note:
A row-echelon form of a square matrix is always upper triangular.

= Ex 2: (Evaluation a determinant using elementary row operations)

0 7 14
A=i1 2 -2| —det(A)=7
g 2 8

Sol:
0 7 14 A i,

dettA) -1 2 2 9 7 1)
8 3 & @8 = &

Elementary Linear Algebra: Section 3.2, p.119 27176



12
0 1
0 O

1 0
0 1
0 1
2
2
2

v
7
-3

= (N)(HA)(-2) =14

Elementary Linear Algebra: Section 3.2, p.119



- Notes:
EA=[E[A
) E=R, =[E=|R;=-1
o EN—‘ J )(:—W:‘RinA‘:\EHA‘
0 E R E B L
=[EA=|i"(A) = KIA=|R|A =|E|A
3) E-RY |Fl_ R -1

= [EA=[r”(A) =17 =[R{"| A =|E|A

Elementary Linear Algebra: Section 3.2, Addition

29/76



= Determinants and elementary column operations

- Thm: (Elementary column operations and determinants)

Let A and B be square matrices.

(@ B=c,(A) = det(B)=-det(A)
(b) B=c“(A) = det(B)=kdet(A)

() B=c“(A) = det(B)=det(A)

Elementary Linear Algebra: Section 3.2, p.120

(le.
(le.

(Le.

Cij (A)‘ = _‘A‘)
¢ (A) =Kk|A)
¢ (A) =|A)

30/76



» EX:

1
A=|2
0

>
I
o~ N

1
0
0
1
0
0

-3

1
2_

det(A) = -8

x>
I
o O BB

o B~ DN

—3

1
2

A3=

o B~ N

) )

NN O

A=c?(A) = det(A)=det(c® (A)) = %det(A) = (%)(—8) =4

=C,(A)

— det(A.) = det(c, (A)) = —det(A) = —(-8) = 8

=C,, (A) = det(A;) =det(c,](A)) =det(A) =-8

Elementary Linear Algebra: Section 3.2, p.120

31/76



= Thm 3.4: (Conditions that yield a zero determinant)

If A Is a square matrix and any of the following conditions is true,
then det (A) = 0.

(a) An entire row (or an entire column) consists of zeros.
(b) Two rows (or two columns) are equal.

(c) One row (or column) is a multiple of another row (or column).

Elementary Linear Algebra: Section 3.2, p.121 32/76



= EX:

19 3 0 1
0 0=0 5 |00 2 2 2]=0

4 5 6 3 6 /0 4 5 6

4 |2 T 2 9 8|4
=0 |4 5 6|=0 10| [5/=0

6 -2 1 &l 3 12|16

Elementary Linear Algebra: Section 3.2, Addition 33/76



= Note:

Cofactor Expansion Row Reduction
Order n Additions Multiplications Additions Multiplications
3 5 9 5 10
5 119 205 30 45
10 3,628,799 6,235,300 285 339

Elementary Linear Algebra: Section 3.2, p.122

34/76



« EX 5: (Evaluating a determinant)

2

2

20 1
e

dettsy - 2 4 1 - 4
‘32 0 6 13 0 o0

45 -4
(. | = (-3)(-1) =3
3 9 2 (%)_3 5] 2
det(A)=|2 -4 -1=|2 |o0| s

-3 0 6| |-3]0|6

- (5)(—1)“2|_53 6] - (-5)(-2)=3

Elementary Linear Algebra: Section 3.2, p.122 35/76
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= EX 6: (Evaluating a determinant)

g o
-2 1 32 -1
S DY AR
3 -1 24 -3
L e
Sol:
2 0 13 -2 2{01 1 3 -2
-2 1 32 -1 |-2(1| 3 2 -1
det(A)=| 1 0-12 3=| 110|-12 3
a1 24 Ju N0 56 4
1 1 32 0> 3{0] 00 1
2 1 3 -2
Y 2+21—123
ol e 5 o
SR BN B

Elementary Linear Algebra: Section 3.2, p.123 36/76



g 1 3 -2
. 8 1 4 10 U 5
-8 -1 2 3
_ -1 8 1 2-18 1 9
13 5 6 -4 it
s 5 b {15 5§
g 0 0 1
-8 -1
:5__11—!—3
o
= (5)(-27)
=-135

Elementary Linear Algebra: Section 3.2, p.123 37/76



Key Learning in Section 3.2

= Use elementary row operations to evaluate a determinant.
= Use elementary column operations to evaluate a determinant.

= Recognize conditions that yield zero determinants.

38/76



Keywords in Section 3.2

» determinant : 7 7] 3¢

= elementary row operation: £k & 71i& &

= row equivalent: 71 &

= elementary matrix: 8 & 2L

= elementary column operation: f & 7 i& &
= column equivalent: 7 & i

39/76



3.3 Properties of Determinants

« Thm 3.5: (Determinant of a matrix product)

det (AB) = det (A) det (B)

= NOtes:

(1) det(EA) = det(E) det(A)

(2) det(A+B) = det(A)+det(B)

(3)

a11
a22 o b22

a‘31

a’lZ
a22 3 b22
a'32

a13
a'23 v b23
a’33

Elementary Linear Algebra: Section 3.3, p.126

all

21

Q

31

12

o Q2

22

QD

32

a13

23

QD

33

40/76




« Ex 1: (The determinant of a matrix product)

1 2 o g
A0 3 0 B=|0 -1 -2
0 :

Find |A], |B|, and |AB|

Sol:
12 2 2ol
|Al=I0 3 2/=-7 IBI=0 -1 -—-2=11
I 0.1 3 1 -2

Elementary Linear Algebra: Section 3.3, p.126 41/76



1 -2 242 0 1 8 4 1
AB=100 3 240 1 2116 . 10
L 0 12 £ 28 5 1 1
8 4 1
—=|AB|=l6 -1 -10=-77
ook g
s Check:
|AB| = |A| |B]

Elementary Linear Algebra: Section 3.3, p.126 42/76



- Thm 3.6: (Determinant of a scalar multiple of a matrix)

If A Is an n x h matrix and c iIs a scalar, then
det (CA) =c" det (A)

N AT

Sol:

A=10

18 20 A
A=| 30 A SiANs
0 3 1
Find |A.
My
3 0 5|=|A=10°
2 3 1

Elementary Linear Algebra: Section 3.3, p.127

2

] 4

i

0

2 4

0

5

b

5 =5

— (1000)(5) = 5000

43/76



» Thm 3.7: (Determinant of an invertible matrix)
A square matrix A is invertible (nonsingular) if and only if

det (A) =0
» EXx 3: (Classifying square matrices as singular or nonsingular)
g 2 1] 0 2 1]
A=(3 -2 1 B=3 -2 1
s 2 -1 e 2 1
Sol:
A=0 - A has no inverse (it is singular).
B|=-12#£0 = B has an inverse (it is nonsingular).

Elementary Linear Algebra: Section 3.3, p.128 44/76



« Thm 3.8: (Determinant of an inverse matrix)

If Ais invertible ,then det(A™)=

1
det(A)

= Thm 3.9: (Determinant of a transpose)

If A isasquare matrix, then det(A") =det(A).

« EX 4. s o a2
A= -1 2
2 L0
Sol:
A
|Al=|0 -1 2
2 1D

Elementary Linear Algebra: Section 3.3, pp.128-130

=4

. 0

A—l‘:izl
A 4
ATHA\=4

45/76



= Equivalent conditions for a nonsingular matrix:
If A Is an n x n matrix, then the following statements are equivalent.
(1) Ais invertible.
(2) Ax = b has a unique solution for every n x 1 matrix b.
(3) Ax = 0 has only the trivial solution.

(4) Als row-equivalentto I,

(5) A can be written as the product of elementary matrices.

(6) det (A) =0

Elementary Linear Algebra: Section 3.3, p.129 46/76



« Ex 5. Which of the following system has a unique solution?

(@) 2% = 1
X = Z2x X =4
I 2K e X e
(b) 2% o e ]
X 2% kX = 4
X F 2% kX = g

Elementary Linear Algebra: Section 3.3, p.129 4776



Sol:
(a) Ax=Db

A=0

This system does not have a unique solution.
(b) Bx=b
B|=-12+0
This system has a unique solution.

Elementary Linear Algebra: Section 3.3, p.129 48/76



Key Learning in Section 3.3

= FiInd the determinant of a matrix product and a scalar multiple
of a matrix.

= FInd the determinant of an Inverse matrix and recognize
equivalent conditions for a nonsingular matrix.

= Find the determinant of the transpose of a matrix.

49/76



Keywords in Section 3.3

« determinant; = 71| ;¢

= Matrix multiplication: 4= 4p 3%
= scalar multiplication: * € #

= invertible matrix: ¥ i s

= inverse matrix: » 4

= nonsingular matrix: 2t-4 R &
= transpose matrix: i % s&rL

50/76



3.4 Applications of Determinants

= Matrix of cofactors of A:;

.. . C
L . s
_Cnl an Cnn_
= Adjoint matrix of A:
c c
adj(A) =[Ci]" = C}Z sz C.”z
_Cln C2n Cnn_

Elementary Linear Algebra: Section 3.4, p.134 51/76



« Thm 3.10: (The inverse of a matrix given by its adjoint)
If A Is an n x n invertible matrix, then

T
Al = adj(A
detA) 2
s EX
.
A:
c d
T
o Al = adj(A
— det(A) ac(lj bcb = det(A) 1(A)
adj(A){ } .
b 2 ad—bcl-c a

Elementary Linear Algebra: Section 3.4, p.135 52/76



« EX1&EX2: _

-1 3 2| (3)Find the adjoint of A.
A0 i
10 9 (b) Use the adjoint of A to find A™

SOI Cij A (_1)i+j M ;

e e
Sees oo & = 4, = — =1, =l e
11 o 12 1 _2 13 1 O
S -1 2 -1 3
s - 4
3 2 ~1 7 -1 3
53/76

Elementary Linear Algebra: Section 3.4, pp.134-135



— cofactor matrix of A = adjoint matrix of A

41 46
c.]=|6 0 3 adj(A)=[c,] =|1 0 1
o 2

— Inverse matrix of A
1

Al= adi( A .+ det(A)=3
ot (A) i(A) (A)
g
. 0 .
n ChECk AA_:L:I

Elementary Linear Algebra: Section 3.4, pp.134-135 54/76



« Cramer’s Rule

Cramer’s Rule uses determinants to solve a system of linear
equations in variables. This rule applies only to systems with
unique solutions.

g X +apX, =b
Ay X, +ayX, =D,

a,, —b,a b,a,, —ba
. ba,, —b,a, . 28 — 03, a3 a8 0
Aj 8y — Ay dy, dj1y —aAydy,
b, a; a; b |
. b, a, . a, b, ‘Ai‘_bl ‘Az‘ b,
e e b a b
d; G d; 2| 21 |92
dyy Ay dy; Ay
.
A A

Elementary Linear Algebra: Section 3.4, pp.136 55/76



= Ex 3: (Using Cramer’s Rule)

Use Cramer’s Rule to solve the system of linear equations.

A Xy + Xy +Ai3X3 =
Ap1 Xy + Axy Xy + Ay3 X3
Agq Xy + Agy Xy + 833Xz 5

il

a, &, |b
Ay Ay |b

dy ay |by

djp QA3

4%, —2X, 510
3x, —5x, =[11
Sol: Find the determinant of the coefficient matrix
4 7
A= ~14
Af s
10 -2
Al 1 5 B
. 4 4 11
4 10
s & 14
e A 4 1

Elementary Linear Algebra: Section 3.4, pp.136

Adyy  Qyy dyg
dy) dgy Qdgg

56/76



- Thm 3.11: (Cramer’s Rule)

a; X, +a,X,+--+a, X =b

In‘*n

2n’*n

&, %+, %+ +a X =D

a X, +a X, +:---+a X =h S WAy

Xl bl
1) A2 (n) o X5 o bz
meb A=yl =[A0A% A0 x=|2 b=
2, 8 N
a, @, - a
det(A) = :21 :22 f” =0
o | (this system has a unique solution)
dy 8, Ay,

Elementary Linear Algebra: Section 3.4, p.137 57/76



A = [Au)’ A? ... AGD p AU A(”)]

Ay o al( j-1) b1 al( AR A,
v dy - a2(j—1) bz a2(j+1) 8y,
_anl R an(j—l) bn an(j+l) VA ann 3

(1e. det(A;)=bC,; +b,C, +--+b,C )

. det(A,)
I det(A)

j:]_,z’...,n

Elementary Linear Algebra: Section 3.4, p.137 58/76



Pf:
Ax=Db, det(A)=0

o h adj(A)b
det(A)
_Cll C21 Cnl—_bl_
% 1 C12 C22 Cn2 b2
det(A)| : : il
W e Bl

_b1C11 A b2(:21 S0 e annl _
> 1 b1C12 T b2C22 Tk annZ
~ det(A) ' '

_blcln > bZCZn T annn

Elementary Linear Algebra: Section 3.4, p.137 59/76



1

X; = det(A) (blclj +b2C2j +---+annj)
det(A.
o ( j) j:1’2"",n
det(A)

Elementary Linear Algebra: Section 3.4, p.137 60/76



« EX 4: Use Cramer’s rule to solve the system of linear equations.

-X + 2y —1|3z1 = 1
2 X + 21 = 0
3X — 4y + |4z21 = 2
Sol: . 1l 4
det(A)=|2 0 1|=10 det(A)=|0 |0 1|=8
3 -4 4 2 |-4 4
-111]-3 -1 2 |1
det(A,)=(2 |0] 1 =-15 det(A)=|2 0 [0%-16
2 | 4 :
. det(A) _4 _ det(A,) -3 . det(A;) -8
det(A) 5 det(A) 2 det(A) 5

Elementary Linear Algebra: Section 3.4, p.137

61/76



« Area of a triangle in the xy-plane:
A triangle with vertices (3. ¥3)

(%, Y1)s (%25 Y5),and (X3, Y3)

1 Xl yl 1 i
Area=t—det|x, y, 1 ;
2 1 o L & — X
5 X3 y3 | (X1, 0) (X3, 0) (X9, 0)

where the sign (+) IS chosen to give a positive area.
Pf:

Consider the three trapezoid
Trapezoid 1: (x;, 0), (X, Y1), (Xs, Ya), (X3, 0)
Trapezoid 2: (X3, 0), (X3, Ya), (X2, ¥2), (X2, 0)
Trapezoid 3: (x;, 0), (X, Y1), (X, Y5), (X, 0)

Elementary Linear Algebra: Section 3.4, p.138 62/76




1 1 1
Area = E(yl +¥3) (X3 — X,) +§(y3 +¥,) (X, — X3) —5(y1 + ¥,) (X, — X,)

1
=5 (Y2 +%Ys + oY1 = X3~ X Y1 — X3¥)

.
2

If the vertices do not occur in the order x,=x,=x, or if the vertex
(X3, Y3) Is not above the line segment connecting the other two
vertices, then the formula above may yield the negative of the
area. So, use + and choose the correct sign to give a positive area.

Elementary Linear Algebra: Section 3.4, p.138 63/76



= EX 5: (Finding the Area of a Triangle)
Find the area of the triangle whose vertices are

Sol: {111

12 2.1
2
4 3 1

(1, 1), (2, 2), and (4, 3).

3

2
3

The area of the triangle is . square units.

If three points in the xy-plane lie on the same line, then the

determinant in the formula for the area of a triangle is zero.

0 1
2 2 1

4 3 1
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= Test for collinear points in the xy-plane:
Three points (X, Y1), (X,, ¥5), and (X5, y,) are collinear if and only if

e 1
det e oy L=l

X3 Yy 1

= Two-point form of the equation of a line:

An equation of the line passing through the distinct points
(X1, Y1) and (x,, y,) is given by

XKooyl
detf x, y; 1{=0
X ¥y, 1
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« EX 6: (Finding an Equation of the Line Passing Through Two Points)
Find an equation of the line passing through the points

(2,4) and (-1, 3).
Sol:
X
2
—1

o
3 171 13

X(1)-y(3)+1(10)=0

U

w <
[ e

X

X—-3y=-10
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« Volume of a Tetrahedron:

The volume of a tetrahedron with vertices (Xy, Y1, Z1), (X,, Y5, Z5),
(X3, Y31 Z3), and (X4, Ya, Z4) 1S

Volume = det

Xy

where the sign (+) is chosen to give a positive area.
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= EX 7: (Finding the Volume of a Tetrahedron)
Find the volume of the tetrahedron shown in the following figure,
whose vertices are (0, 4, 1), (4, 0, 0), (3, 5, 2), and (2, 2, 5).

Sol: :

12

N |-~
N Wb O
N O1 O B

g N O
[ e S G

(4.0.0) /-

The volume of the tetrahedron Is 12 cubic units.
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= Test for coplanar points in space:

Four points (Xy, Y1, Z1), (X2, Yo, Z5), (X3, Y3, Z3), @nd (X, Yy, Z,) are
coplanar if and only if

% % 4 ]
X, Yo 7, 1
X3 Y3 Z3 1
Xg Yo Z4 1

= Three-point form of the equation of a line:

An equation of the line passing through the distinct points
(X1, Y11 Z1), (X9, Y2, Z5), @nd (X3, Y3, Z3) IS given by

Wana
X Y1 73 1
X, Yo 7, 1
X3 Y Z3 1

det =0

det =0
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« EX 8: (Finding an Equation of the Plane Passing Through Three Points)

Find an equation of the plane passing through the points
(0,1, 0), (-1, 3, 2), and (-2, 0, 1).

Sol:
M e x y-1 z 1
bl 1=O 0 0 O 1=O
I sl e i
=20 bl -2 -1 1 1
2 —1 -1 2
X 4 1‘—(y—1)‘_2 ﬂ+z_2 _JJ—O

x(4)—-(y-1))+z(5)=0
4K -3y +52=-3
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Key Learning in Section 3.4

= Find the adjoint of a matrix and use it to find the inverse of the
matrix.

= Use Cramer’s Rule to solve a system of n linear equations in n
variables.

= Use determinants to find area, volume, and the equations of
lines and planes.
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Keywords in Section 3.4

. matrix of cofactors : 4+ %]+ 4B
« adjoint matrix : & gL

« Cramer’s rule : 5. & ¥ ;% B

- area: m

= volume: ¥4 #

« triangle: = % ;5

. tetrahedron: = & 4%
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3.1 Linear Algebra Applied

« Volume of a Tetrahedron

Recall that a tetrahedron is a polyhedron consisting
of four triangular faces. One practical application of
determinants is iIn finding the volume of a
tetrahedron in a coordinate plane. If the vertices of a
tetrahedron are (Xy, Yy, Z1), (X5, Yo, Z,), (X3, Y3, Z3), and
(X4, Y4, Z4), then the volume is

X vz, 1]
Xovh gl
X; Y3 Z3 1

KX Ya 44 1

Volume =+ det

You will study this and other applications of
determinants in Section 3.4.
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3.2 Linear Algebra Applied
= Sudoku

In a Sudoku puzzle, the object is to fill out a
partially completed 9X9 grid of boxes with
numbers from 1 to 9 so that each column, row, and
3X3 sub-grid contains each of these numbers
without repetition. For a completed Sudoku grid to
be valid, no two rows (or columns) will have the
numbers in the same order. If this should happen,
then the determinant of the matrix formed by the
numbers will be zero. This iIs a direct result of
condition 2 of Theorem 3.4.
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3.3 Linear Algebra Applied

= Engineering and Control

Systems of linear differential equations often arise
in engineering and control theory. For a function
f(t) that is defined for all positive values of t, the
Laplace transform of f(t) is

F(s)= jo“’ e f (t)dt.

provided that the improper integral exists. Laplace
transforms and Cramer’s Rule, which uses
determinants to solve a system of linear equations,
can sometimes be used to solve a system of
differential equations. You will study Cramer’s
Rule in the next section.
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3.4 Linear Algebra Applied

= Comet Landing

On November 12, 2014, European Space Agency’s Rosetta orbiting spacecraft landed
the probe Philae on the surface of the comet 67P/Churyumov-Gerasimenko. Comets
that orbit the Sun, such as 67P, follow Kepler’s First Law of Planetary Motion. This
law states that the orbit is an ellipse, with the sun at one focus of the ellipse. The
general equation of a conic section, such as an ellipse, is
ax?+bxy + cy? +dx +ey+ f=0.

To determine the equation of the comet’s orbit, astronomers can find the coordinates
of the comet at five different points (x;, y;) where i = 1, 2, 3, 4, and 5, substitute these
coordinates into the equation

x> xy y> x y 1

X Ve Y

AN T B R

Xs X¥s Vs % Ys 1
Xy XY ¥y %oy,
Xs Xs¥s Ys X ¥s 1
and then expand by cofactors in the first row to find a, b, c, d, e, and f. For example, the
coefficient of X2 is

AN A
XY, ¥ % Y, 1
a=XY; Vi X, Yy, 1
XYs Yi X Vi 1
Nole oA el

Knowing the equation of 67P’s orbit helped astronomers determine the ideal time to
release the probe.
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